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Abstract: Anyons have garnered substantial interest theoretically as well as experimen-
tally. Due to the intricate nature of their interactions, however, even basic notions such
as the equation of state for any kind of anyon gas have eluded a profound understanding
so far. Using holography as a guiding principle, we propose a general method for an al-
ternative quantization of electromagnetic degrees of freedom in the gravitational dual to
obtain an effective physical description of strongly correlated anyonic systems. We then
demonstrate the application of this prescription in a toy model of an anyonic fluid at finite
charge density and magnetic field, dual to a dyonic black brane in AdS4, and compute the
equation of state and various transport coefficients explicitly.
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1 Introduction
The theoretical concept of anyons emerged in the late 1970s [1], based on the observation
that the spin statistics theorem is less restrictive in (2+1) dimensions and allows for types
of particles with ’any’ value of spin. The resulting anyons have a multitude of novel prop-
erties that are still subject to intensive research – see, e.g., [2, 3] for reviews. Probably
the most striking feature is that they obey fractional statistics, i.e., a statistics that in-
terpolates between the Fermi–Dirac and the Bose–Einstein distribution, the interpolation
parameter often being referred to as statistical angle. A major surge in the investigation
of anyons came after the discovery that the fractional quantum Hall effect (FQHE) has a
natural explanation using abelian anyons and, subsequently, when it became clear that an
anyon gas coupled to a dynamic electromagnetic field could become superconducting [4].
Furthermore, it has been speculated that non-abelian anyons can also be realized in the
FQHE [5], which makes them a very interesting topic to investigate and apply in topological
quantum computing [6].
Albeit some progress in the understanding of many anyon systems in the high tem-
perature, low density (virial expansion of the equation of state) and low temperature, high
density (mean field approach) limits has been made, not much is known about anyons
beyond the two anyon case in weakly-coupled field theory. For example, owing to the fact
that multi particle anyon states cannot be expressed as a simple product of single particle
states, the exact calculation of the grand partition function of an anyon gas is still elusive.
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In the same vein, the virial expansion of the equation of state for anyons is only known up
to the second virial coefficient – as the latter only depends on two-body interactions in a
quantum cluster expansion.
With this in mind, it seems important to take a step back and ask whether and in what
regimes one can reasonably expect perturbative methods to be applicable. In fact, there
are simple arguments indicating that the mere non-trivial exchange statistics can be viewed
as hidden Chern–Simons type interactions [7]. Model calculations show that the inclusion
of even modest long-range repulsive interactions have drastic, orders of magnitude, effects
on spontaneous magnetization [8]. It is thus not really surprising that the free energy
of a collection of anyons does not resemble the sum of energies of free anyons. This in
turn justifies the attempt to conceive an altogether different description of a many-anyon
systems at strong coupling.
In this work, we will make use of the gauge/gravity, or holographic, duality, see [9]
for reviews, to address anyons at strong coupling. Of course, the strongly-coupled field
theory duals are quite different from the usual weakly-coupled field theories which one
normally encounters in condensed matter physics. In light of the limited progress made
concerning weakly-coupled anyons, it seems plausible that their holographic cousins may
help to shed some light on this complicated subject. The subject of this work are four-
dimensional bulk theories whose boundaries have a dual description as (2+1)-dimensional
gauge field theories. We are interested mainly in gauge excitations and thermodynamics
of these boundary field theories in order to, ultimately, make contact with the description
of anyonic fluids.
According to holography, the charge density and magnetic field of the matter fields
are encoded in the boundary data of the bulk gauge fields. The standard choice is to pick
boundary conditions for these gauge fields such that either chemical potential or charge
density is fixed, depending on the thermodynamic ensemble, but most importantly with
fixed magnetic field strength. This precludes the gauge field from being dynamical. An
equally natural choice would be to consider Robin boundary conditions, i.e., an interpo-
lation between Neumann and Dirichlet conditions [10, 11]. This, in particular, allows the
magnetic field to become dynamical and thus letting it adjust its own vacuum expecta-
tion value. Such boundary conditions lead to mixing electric and magnetic charges on
the boundary, resulting in rendering the charge carriers anyonic. Building upon the pre-
scription pioneered in [12], our proposal invokes a different procedure to anyonize a given
system. This is a complementary framework, but has the benefit that it provides a consis-
tent method to deal with residual gauge degrees of freedom that would lead to ambiguities
on the boundary field theory. This is the topic of section 2.
We then proceed in section 3 with a discussion about how thermodynamic quantities
and transport properties are affected by applying the aforementioned SL(2,Z) mapping. As
an accompanying illustrative example, we demonstrate this application of our procedure to
a dyonic Reissner–Nordstro¨m black brane in AdS4. This solution to the equations of motion
resulting from the Einstein–Maxwell action is well-known as a dual model to holographic
matter at finite charge density and magnetic field. Furthermore, it allows us to explicitly
compute the transformed grand potential and transport coefficients, as well as provide a
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consistency check of all transformation laws for our anyonization procedure. We also derive
the equation of state and expand it at high temperatures, where the analogy with the virial
expansion is most transparent. In the final section 4, we summarize the results and discuss
possible future directions and open problems. Appendix A provides more details on the
variation of the boundary action.
2 Holographic anyons
In this section we will outline a general method for anyonizing holographic matter. Firstly,
a few introductory comments are provided on previous work including a discussion of some
shortcomings related to ambiguities associated with gauge freedom. We then proceed to
propose a different prescription which will ultimately manage to circumvent such ambigu-
ities and describe how the two prescriptions are connected. To demonstrate the versatility
of this novel method, the transformed Green’s functions are obtained and computed, along
with further thermodynamic quantities and transport properties.
2.1 Alternative quantization
The procedure of alternative quantization1 transforms a (2+1)-dimensional conformal field
theory (CFT) into another by changing the boundary conditions on the bulk gauge field. In
modern language, this procedure is an SL(2,Z) electromagnetic transformation. Therefore,
as the name suggests, the manner in which boundary degrees of freedom are separated into
source and response is changed, while the bulk description and equations of motion remain
untouched. It is important to note that the bulk action does not need to be invariant under
SL(2,Z), we only demand the bulk gauge equations of motion reduce to free ones close
to the boundary where Robin, i.e., combined Dirichlet/Neumann, boundary conditions
are imposed.2 In fact, one could allow for a larger group of transformations, but keeping
in mind a possible, and desirable, embedding into string theory, where both the electric
charges and magnetic fields are integer-quantized, one restricts to SL(2,Z).
To be more specific, an anyon can be viewed as a quasiparticle consisting of a boson
or fermion with some additional fixed amount of magnetic flux attached per fundamental
unit of charge. In a conformal field theory with a global U(1) one can perform the pro-
cess of adding magnetic fluxes using an SL(2,Z) electromagnetic transformation [10, 11].
Under this transformation, the original CFT maps into another one with mixed charges
and magnetic fields and thus the charge carriers have been transformed into anyonic de-
grees of freedom. From the bulk gravitational point of view, one is choosing an alternative
quantization scheme for the gauge fields, i.e., the boundary values on the gauge fields
have combined Dirichlet/Neumann conditions. This was first implemented holographically
in [12] by showing that the SL(2,Z) transformation on a fractional quantum Hall state [17]
leads to a soft mode which is a prerequisite of an anyonic superfluid. Successful extensions
to flowing superfluids [18], to other D-brane models [19–21], and even extensions to back-
grounds not dual to CFTs [22, 23] have been constructed subsequently.
1For a self-contained review in the present context, see [12].
2This should be contrasted with [13–16], where the SL(2,Z)-symmetry was imposed in the bulk as well.
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However, the situation is still incomplete and somewhat unsatisfactory. In the above-
mentioned works, the main focus has been on the fluctuation spectra of the corresponding
anyon fluids and on how these are affected by the choice of combined Dirichlet/Neumann
boundary conditions. The addition of boundary terms to the bulk action is enough to
implement the alternative quantization for the gauge fields. However, there is an unfixed
gauge freedom left, an issue which needs to be addressed in the computations of the free
energy.
2.2 Helmholtzian prescription
Our primary goal is to revisit the alternative quantization scheme for electromagnetism
in a more formal and rigorous fashion. We treat the electric and magnetic degrees of
freedom on equal footing and introduce an auxiliary potential for the magnetic field. It is
explained why the Helmholtz potential will remain invariant under linear transformation
of the currents and shown that the variation of the action will lead to the same expression
as in previous works, but in a way that does not leave any ambiguities in the transformed
fields.
We consider a generic action on a manifold M , with a Lagrangian density L[A, dA]
which is invariant under U(1) gauge transformations of A. Using ⋆ to denote the Hodge
dual on the (2+1)-dimensional boundary ∂M , an on-shell variation of the action with
respect to all boundary degrees of freedom reads,3
δS =
∫
∂M
δA ∧ ⋆J +
∫
∂M
δB ∧ ⋆η . (2.1)
Here, J denotes the electric current and B = − 12π ⋆−1 dA
∣∣
∂M
the current related to the
magnetic flux through ∂M . This interpretation can be illustrated by considering,
Φ = −
∫
t=const
r=const
⋆B , (2.2)
which is the magnetic flux through a surface element at time t, which is actually inde-
pendent of r, i.e., constant along the radial flow. The magnetic potential η is essentially
defined through (2.1) and more details about how it is related to the bulk fields can be
found in the appendix. However, for all practical purposes, namely for the geometries of
interest in what follows, the only relevant component is the one from radial integration,
η = −2π
∫ r
rH
∂L
∂ dA
, (2.3)
where r denotes a radial coordinate and rH is, depending on the bulk configuration, the
position of the event horizon or the origin.
One possibility to perform an alternative quantization is to go from the original action
to the ’Helmholtzian’ form by adding a boundary term and making a Legendre transfor-
mation in A,
Sa[J ,B] := S −
∫
∂M
A ∧ ⋆J . (2.4)
3For a detailed discussion and derivation of the on-shell variation, see app. A.
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This exchanges the role of A and its canonical momentum and can also be interpreted as
going from Dirichlet to Neumann boundary conditions. Furthermore, by construction,
δSa = −
∫
∂M
δJ ∧ ⋆A+
∫
∂M
δB ∧ ⋆η . (2.5)
The Helmholtz action (2.4) will turn out to be useful for our purposes, since it is an explicit
functional of the electric and magnetic current, which parameterize the degrees of freedom
of the field strength F . As such, they do not depend on an explicit choice of gauge and
the transformations that follow can, if needed, be defined off-shell as well. Moreover, these
degrees of freedom can also be identified with normal and parallel directions relative to
the boundary. Quite generally, the bulk Lagrangian L is a functional of |F |2, at least in
the asymptotic region; in this case it is straightforward to use (A.2) to conclude J ∝ ınF ,
i.e., the current contains only the components orthogonal to ∂M . By construction, B
depends only on parallel directions. On-shell, a mixing of these currents, or respectively
the corresponding degrees of freedom, would result in a mixing of Dirichlet and Neumann
boundary conditions of the gauge field A, as described in the formulation used in [12].
Using the Helmholtz form with J and B as dependent variables may, at first sight, seem
more abstract, but it provides a remarkably simple and straightforward way to evaluate
the action in an alternative ensemble as a linear transformation of variables.
Consider the transformation,(
J ∗
B∗
)
= Q ·
(
J
B
)
,
(
A∗
−η∗
)
= Q−T ·
(
A
−η
)
, Q =
[
as bs
cs ds
]
. (2.6)
For the time being, we consider Q as a linear transformation between vector spaces – in
section 2.3 we will explain why we restrict to SL(2,Z) in the following. Then, define the
Helmholtz form of the action with alternative boundary conditions,
S∗a[J ∗,B∗] := Sa[Q−1(J ∗,B∗)] . (2.7)
This is nothing more than a linear change of variables, and the differential can be straight-
forwardly evaluated via a direct application of the chain rule,
δS∗a = −
∫
∂M
δJ ∗ ∧ ⋆A∗ +
∫
∂M
δB∗ ∧ ⋆η∗ . (2.8)
As a final step, this action can be Legendre-transformed once more in order to arrive at an
expression that can be interpreted as the action related to the grand-canonical potential
in an alternative quantization scheme,
S∗ := S∗a +
∫
∂M
A∗ ∧ ⋆J ∗ = S −
∫
∂M
A ∧ ⋆J +
∫
∂M
A∗ ∧ ⋆J ∗ . (2.9)
This is one of the main results in this paper. Moreover, the variation is easily evaluated,
δS∗ =
∫
∂M
δA∗ ∧ ⋆J ∗ +
∫
∂M
δB∗ ∧ ⋆η∗ . (2.10)
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S[A,B]
Sa[J ,B]
Sz[A, η]
S∗[A∗,B∗]
S∗a[J ∗,B∗]
S∗z [A∗, η∗]
LT [A] LT [A∗]
Q
LT [B] LT [B∗]
Q−T
Figure 1. Schematic diagram of how the action S[A,B] is related to the ’alternative’ action
S∗[A∗,B∗] . Each of them can be brought to the Helmholtz form via a Legendre transform (LT )
in the dependent variable A, respectively A∗. The two resulting actions, Sa[J ,B] and S∗a [J ∗,B∗],
are related via the linear transformation of variables described in (2.6). Alternatively, a path could
have been chosen where a Legendre transform is performed in the dependent variables B and B∗,
respectively. All directions commute.
To demonstrate the consistency of how S∗ was constructed, consider a different Legendre
transformation of the original action,
Sz = Sz[A, η] := S −
∫
∂M
η ∧ ⋆B . (2.11)
This is to be treated as a functional of the potentials A and η, and thus allows an equally
convenient way to perform the transformation (2.6). By proceeding in an analogous manner
as before, this allows to take a different route of Legendre transformations and field redef-
initions and to arrive at a second expression for the action related to the grand potential
in the alternative ensemble,
S˜∗ := S∗z +
∫
∂M
η∗ ∧ ⋆B∗ . (2.12)
Comparing this to (2.9), and taking the relations (2.6) into account, it can easily be verified
that the difference S∗ − S˜∗ vanishes identically, showing that both expressions are indeed
equal. We illustrate the different routes of applying the alternative quantization in a
commutative diagram in figure 1.
2.3 Anyonizing and Green’s functions
Now, let us turn towards the meaning of the transformed boundary conditions for the dual
field theory. With regard to anyons, there are two transformations of changing one CFT
into another one that are of main interest. These two are,
• S operation (as = ds = 0, bs = −cs = 1): This interchanges the electric and magnetic
degrees of freedom, which is also an operation quite specific to 3+1 bulk dimensions.
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• T operation (as = bs = ds = 1, cs = 0): This results in an additional Chern–Simons
term A∧dA on the boundary and can be interpreted as adding a quantum of magnetic
flux to the electric charge.
The two operations do not commute with each other and can be identified with the gen-
erators of SL(2,Z). Therefore, despite the fact that Q in (2.6) can in principle be chosen
as an arbitrary GL(6,R) transformation, we will restrict to the SL(2,Z) subgroup in the
remainder of this paper, which implies the following constraints,
as, bs, cs, ds ∈ Z , asds − bscs = 1 . (2.13)
In this context, the transformed system describes particles carrying cs/ds units of original
magnetic flux for every unit of original charge. These particles are precisely the holographic
anyons we wish to study.
It is somewhat intricate to work out how the boundary to boundary Green’s function
transforms under (2.6) in general; however, it is relatively straightforward to work it out
for S and T operations. For this purpose, consider plugging in a general transformation
into (2.9) and writing out explicitly,
S∗ = S +
∫
∂M
[bscs (A ∧ ⋆J − η ∧ ⋆B) + bsdsA ∧ ⋆B + ascsη ∧ ⋆J ] . (2.14)
For a T operation, as mentioned above, this simply adds a Chern–Simons term,
− 1
2π
∫
∂M
A ∧ dA =
∫
∂M
A ∧ ⋆B . (2.15)
The boundary to boundary Green’s function is obtained by taking the second derivative
of the on-shell action with respect to A∗ = A. ‘On-shell’ in this context means that
the equations of motion are solved with some boundary conditions in the bulk – usually
regularity in the origin or in/outgoing conditions at the horizon. This induces a functional
dependence between certain values on the boundary, the details of which are, of course, very
dependent on the bulk physics and can not be written down in explicit form, in general.
However, assuming this relation has been worked out for one particular model, from (2.15)
immediately follows for the Green’s function in the anyonized system,
G∗T = G+
∂B
∂A
. (2.16)
Working out such a relation for an S operation is a bit more challenging. This is due
to the fact that besides interchanging electric and magnetic currents, it also interchanges
bulk fields with their canonical momenta whose explicit form, naturally, depends on the
Lagrange density in the bulk. Nevertheless, in a wide range of cases, e.g., having electro-
magnetic duality in the bulk or the absence of sources that reach all the way out to the
boundary, it can be considered as given that for an S-transform on-shell, asymptotically,
⋆dA = ⋆dη∗ = −2πB = −2πJ ∗ , ⋆dA∗ = −⋆dη = −2πB∗ = 2πJ . (2.17)
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Thus, if G is the Green’s function of the original action with J = GA, then the following
relations are valid,
G∗S = −
1
(2π)2
⋆dG−1⋆d , G = − 1
(2π)2
⋆d (G∗S)
−1 ⋆d . (2.18)
Since any element in SL(2,Z) is generated by S and T , the way the Green’s function
transforms in full generality can be worked out by successively applying (2.16) and (2.18).
A convenient way to summarize the generic result is to define G−1 := − ⋆d2πG−1, in which
case the Green’s functions can be related via a modular transform,
G∗ = (as G + bs) · (cs G + ds)−1 . (2.19)
3 Application
In the previous section 2 we introduced the general outline of our prescription to obtain
a holographic dual for a dense system of anyons in the presence of electric and magnetic
fields. Building up on that, we will now discuss in more detail how a given action transforms
under a generic SL(2,Z) mapping that will change the charge carriers into anyons and
study its effects on thermodynamics and transport coefficients. For illustrative purposes,
we have chosen to partially focus on a dyonic black brane residing in asymptotically AdS4
spacetime, as this provides a rather instructive setup where all computations can be done
entirely analytically.4 Nevertheless, we wish to emphasize that the transformation laws we
derive, in particular in section 3.3, are valid in a more general setting as well.
As an additional remark, for the example of a dyonic black brane we also note that a
general transformation with parameters as, bs, cs, and ds can be neatly expressed in terms
of physical quantities, i.e., the filling fraction ν,5 the spontaneous magnetization m0, and
ξ, which is related to the magnetic susceptibility χm via ξ
2 = −qχm. The relation can be
summarized as follows,[
as bs
cs ds
]
=
1√
2πξ + ν
2ξ
2π
[
m0 +
ν
2π ξ m0ν − 2πξ
1 ν
]
. (3.1)
Or, alternatively, by inverting these equations,
ν =
ds
cs
, m0 =
4π2ascs + bsds
4π2c2s + d
2
s
, ξ =
2π
4π2c2s + d
2
s
. (3.2)
3.1 The dyonic Reissner–Nordstro¨m black brane
Here, we set up some conventions and review certain features of this particular spacetime,
which will be used later on. Let us consider the action for Einstein–Maxwell theory,6
S = − 1
4κ2
∫
M
(R− 2Λ) v + 1
2
∫
M
F ∧ ∗F − 1
2κ2
∫
∂M
Kw , (3.3)
4For other interesting work relating dyonic black branes to composite fermions see [24].
5Recall that the Hall conductivity is generally quantized, i.e., σxy =
e2
2pi~
ν, with ν being the filling
fraction – broadly speaking the ratio of electric charge to magnetic flux or the extent to which Landau
levels are filled – which either takes integer values (integer QHE) or very specific rational values (FQHE).
6For more detail on this model in a holographic setup see, e.g., [25, 26].
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where v = n∧w with outward normal n. The last term is the usual Gibbons-Hawking term
containing the extrinsic curvature Kµν = ∇(µnν) on the boundary ∂M . The presence of
this term ensures that no additional constraints on derivatives of the metric functions are
necessary on the boundary when the action is varied. Also note that the electromagnetic
coupling has been normalized to unity in order to streamline the SL(2,Z) transformation.
Because we are interested in an asymptotically AdS geometry, with cosmological con-
stant Λ = − 3
L2
, this needs to be supplemented with a series of counterterms if the action
is to remains finite when evaluated on-shell. In (3+ 1) dimensions, this is accomplished by
adding a boundary cosmological constant and curvature term,
Sct =
L
4κ2
∫
∂M
(
4
L2
+R
)
w . (3.4)
The equations of motion are solved by a dyonic Reissner–Nordstro¨m black brane with
metric
ds2
L2
= −f(r)dt2 + r2 (dx2 + dy2)+ dr2
f(r)
, (3.5)
where the blackening factor reads,
f(r) = r2 − 1 + q
2
H + h
2
H
r
+
q2H + h
2
H
r2
. (3.6)
This describes a dyonic black brane where qH and hH parametrize charge and magnetic
field, respectively. The corresponding gauge potential and field strength,
A =
L
κ
(
qH
r − 1
r
dt+ hHx dy
)
, F =
L
κ
(qH
r2
dr ∧ dt+ hHdx ∧ dy
)
. (3.7)
After contracting with the normal n = dr√
f
, the resulting electric and magnetic currents
read,
J = qH
κ
√
f dt
r2
, B = 1
2π
hH
κ
√
f dt
r2
. (3.8)
They are of exactly the same form, reflecting the electromagnetic duality in this setup.
Furthermore, this also makes manifest that the transformation (2.6) of the electric and
magnetic currents in the present model will essentially result in a mixing of qH and hH ,
the electric and magnetic charge at the horizon. Finally, the component of the magnetic
potential that gives us the magnetization in the dual theory can be obtained via integrating
∗F along the radial direction,
η = −2πhH
κ
r − 1
r
dt . (3.9)
3.2 Thermodynamics
Our goal is to describe anyons in the grand canonical ensemble, with natural variables
of temperature T , chemical potential µ, and magnetic field strength b, and corresponding
conjugate variables of entropy s, charge density q, and magnetization m. Thus, we require
a family of solutions that has one additional parameter, besides qH and bH . This can easily
be constructed by generating solutions with arbitrary horizon radius rH based on (3.5), via
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a rescaling of coordinates. Basic thermodynamic quantities in the boundary theory can
then be expressed as follows,
µ =
qH
rHκL
, q =
qH
r2Hκ
, m = −2πhH
rHκL
, b =
hH
2πr2Hκ
,
s =
π
κ2r2H
, T =
3− q2H − h2H
4πrHL
. (3.10)
Furthermore (internal) energy, free energy, and Helmholtz free energy density are
u =
1 + q2H + h
2
H
2r3Hκ
2L
, Ω =
3h2H − q2H − 1
4r3Hκ
2L
, a = Ω+ µq =
3h2H + 3q
2
H − 1
4r3Hκ
2L
. (3.11)
Subsequently, dimensionful constants are omitted for brevity, but can easily be reinstated
via dimensional analysis, if needed. The constants at the horizon are related to the physical
quantities at the boundary,
rH =
ξ
2π (q −m0b) , (3.12)
qH =
ξ2 (qν −m0bν + 2πbξ)
(2π)3/2 (q −m0b)2
√
(4π2 + ν2) ξ
, (3.13)
hH =
ξ2 (2π (m0b− q) + νbξ)
(2π)3/2 (q −m0b)2
√
(4π2 + ν2) ξ
. (3.14)
The thermodynamic quantities obey the first law of thermodynamics,
dΩ = −s dT − q dµ−mdb , (3.15)
da = −s dT + µdq −mdb . (3.16)
Following the prescription laid out in section 2, we proceed with anyonizing this ensemble.
First, the transformation given in (2.6) acts on the boundary quantities as follows,(
q∗
b∗
)
= Q ·
(
q
b
)
,
(
µ∗
−m∗
)
= Q−T ·
(
µ
−m
)
. (3.17)
Then, consider a∗[T, q∗, b∗] = a[T,Q−1 · (q∗, b∗)] such that, by construction,
da∗ = −s dT + µ∗ dq∗ −m∗ db∗ . (3.18)
The grand potential in the new ensemble is found via a Legendre transform,
Ω∗[T, µ∗, b∗] = a∗ − µ∗q∗ . (3.19)
This can also be parametrized via values at the horizon,
Ω∗ =
(asds + 3bscs)πq
2
H − (3asds + bscs)πh2H + 2(bsds − 4π2ascs)hHqH + π
4πr3H
. (3.20)
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3.3 Transport properties
In order to be able to extract some relevant physical properties of the anyonic fluid in the
boundary theory, we will introduce several transport coefficients and perform the anyoniza-
tion as discussed above. We will start by working out the conductivities of the anyonic fluid.
The results that we will obtain reproduce those of [19] obtained via a different approach.
Conductivities are related to the Green’s function via a Kubo formula,
σij(ω) = −〈Ji(ω)Jj(−ω)〉
i ω
= −Gij(ω)
i ω
. (3.21)
The DC conductivities can be obtained in the usual way by taking the zero frequency limit,
i.e., ω → 0. While finding Green’s functions in a given system can be a rather non-trivial
task, for conductivities at zero momentum there exists a quite simple, well established
formalism. Firstly, we note that we only need to consider a perturbation of the form,
δA = e−iωt (ax dx+ ay dy) . (3.22)
In this case, we can restrict the Green’s function to the spatial components only, so that we
can conclude the general form, with the subscript (H) referring to the Hall conductivity,
Gij = −iωΣij(ω) , Σ(ω) =
[
σ(x)(ω) σ(H)(ω)
−σ(H)(ω) σ(y)(ω)
]
. (3.23)
For a T operation, we consider the variation of the magnetic current,
δB = iωe
−iωt
2πr
(ay dx− ax dy) , (3.24)
which gives us the explicit functional dependence on δA. Then, we can apply (2.16) directly,
σ∗(x,y) = σ(x,y) , σ
∗
(H) = σ(H) +
1
2π
. (3.25)
For an S operation, using (2.18) yields G∗ = − iω(2π)2 Σ
T
det Σ , and we conclude,
σ∗(x,y) =
1
(2π)2
σ(x,y)
σ(x)σ(y) + σ
2
(H)
, σ∗(H) = −
1
(2π)2
σ(H)
σ(x)σ(y) + σ
2
(H)
. (3.26)
In the case of spatial homogeneity, i.e., σ(x) = σ(y), the results (3.25) and (3.26) are in
agreement with [19]. We can also explicitly apply these transformations to our example
from section 3.1, as the DC conductivities for a dyonic black brane were computed in [25].
With σDC(x,y) = 0 and σ
DC
(H) =
ν
2π we find,
T : σDC,∗(x,y) = 0 , σ
DC,∗
(H) =
ν + 1
2π
, (3.27)
S : σDC,∗(x,y) = 0 , σ
DC,∗
(H) = −
1
2πν
. (3.28)
The results are in one-to-one correspondence with the generic recipe. Clearly, a T operation
corresponds to adding a Chern-Simons term on the boundary, since the corresponding
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coefficient ν → ν + 1 is shifted by unity. Moreover, for the S operation the expectation
is that the roles of electric and magnetic degrees of freedom be exchanged. This is indeed
the case as ν → −1/ν. The generic combination of these transformations is
ν → asν + bs
csν + ds
. (3.29)
Therefore, it can be concluded that SL(2,Z) acts on ν as a standard modular transfor-
mation. As a final remark, defining Σˆ ki := 2πΣijε
jk for brevity, (3.25) and (3.26) can be
summarized as the corresponding special cases of the general modular transform
Σˆ→
(
asΣˆ + bs
)
·
(
csΣˆ + ds
)−1
. (3.30)
Susceptibilities, describing the response of the system when applied fields change, are
encoded in the Hessian of the grand potential,
∂(s, q,m)
∂(T, µ, b)
= −HΩ(T, µ, b) =:
 c/T λq λmλq χq χw
λm χw χm
 . (3.31)
When temperature is varied, the specific heat capacity c describes the change in heat.
Similarly, λq and λm encode the corresponding change in charge density and magnetiza-
tion. Due to the Maxwell relations, the latter, equivalently, also describes the response of
the entropy when chemical potential or magnetic field strength are varied. The remaining
components constitute the electromagnetic susceptibility tensor, with the diagonal ele-
ments are often referred to as electric and magnetic susceptibility. Since (3.17) encodes
the entire functional dependence of the transformed fields in the anyonic ensemble, it is
straightforward to calculate how the susceptibilities transform, namely
∂(s, q∗,m∗)
∂(T, µ∗, b∗)
= −HΩ∗(T, µ∗, b∗) = [B −A ·HΩ(T, µ, b)] · P−1 , (3.32)
where we defined the matrices,
A =
 1 as
as
 , B =
 0 bs
bs
 , P =
 1 0 0csλm csχw + ds csχm
csλq csχq csχw + ds
 . (3.33)
For example, the heat capacity transforms as
c∗ = c+
csT
[
csχqλ
2
m + csχmλ
2
q + 2 (csχw + ds)λqλm
]
(csχw + ds)
2 − c2sχqχm
. (3.34)
For cs 6= 0 this will generally mix with the other susceptibilities. On the other hand, for
the electromagnetic susceptibility tensor,
χ∗q =
χq
(csχw + ds)
2 − c2sχqχm
, (3.35)
χ∗m =
χm
(csχw + ds)
2 − c2sχqχm
, (3.36)
χ∗w =
(asχw + bs) (csχw + ds)− ascsχqχm
(csχw + ds)
2 − c2sχqχm
. (3.37)
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This forms a closed set of transformations that does not mix with the thermal responses.
The electric susceptibility of an STK -transformed anyon fluid was also discussed in [20],
and we see agreement with (3.35) in that case.
The transformation rules (3.32) can also easily be confirmed in the dyonic black brane
background, where we can explicitly express all susceptibilities in terms of horizon data,
c∗ =
2π(d2s + 4πc
2
s)(3 − q2H − h2H)
8πcsdsqHhH + d2s(3 + q
2
H + 3h
2
H) + 4π
2c2s(3 + 3q
2
H + h
2
H)
, (3.38)
λ∗q =
4π(2πcshH − dsqH)
8πcsdsqHhH + d2s(3 + q
2
H + 3h
2
H) + 4π
2c2s(3 + 3q
2
H + h
2
H)
, (3.39)
λ∗m =
8π2(2πcsqH + dshH)
8πcsdsqHhH + d2s(3 + q
2
H + 3h
2
H) + 4π
2c2s(3 + 3q
2
H + h
2
H)
, (3.40)
χ∗q =
3(1 + q2H + h
2
H)
rH
[
8πcsdsqHhH + d2s(3 + q
2
H + 3h
2
H) + 4π
2c2s(3 + 3q
2
H + h
2
H)
] , (3.41)
χ∗m = −
4π2rH(3 + h
2
H + q
2
H)
8πcsdsqHhH + d2s(3 + q
2
H + 3h
2
H) + 4π
2c2s(3 + 3q
2
H + h
2
H)
, (3.42)
χ∗w =
4πas
[
dsqHhH + πcs(3 + 3q
2
H + h
2
H)
]
+ bs
[
4πcsqHhH + ds(3 + q
2
H + 3h
2
H)
]
8πcsdsqHhH + d2s(3 + q
2
H + 3h
2
H) + 4π
2c2s(3 + 3q
2
H + h
2
H)
. (3.43)
We wish to emphasize that we have not fixed a specific SL(2,Z) transformation and thus
the parameters as, bs, cs, and ds appear explicitly in the transport coefficients. Rather
than picking a judicious transformation, we wish to advocate the point of view that the
measurable quantities of the anyon fluid will dictate the free parameters as, bs, cs, and ds.
The remaining properties of the anyon fluid are then predicted by the dual black brane
model. In particular, this does not only apply to static quantities as studied in this paper,
but also to dynamic properties, such as the spectrum of quasinormal modes.
3.4 Low density / high temperature expansion
To conclude the investigation of the anyonic fluid as described by the dyonic black brane
model, we study the equation of state. After all, this was one of the main motivations for
this work. As mentioned in the introduction, little is known about the equation of state
for an multi particle anyon system using weakly coupled, perturbative methods. On the
other hand, using the holographic approach described in this note, we can almost trivially
infer the pressure of an anyonic fluid. Recalling that the pressure P∗ = −Ω∗ in the grand
canonical ensemble, it was already written in its exact form in (3.20). However, it is
interesting and instructive to expand this expression in various limits.
There are many different ways of expanding the pressure. However, some remarks are
in order: Since the anyonic matter we are studying is massless and the bulk solution is
asymptotically AdS, we expect the boundary gauge theory to be conformal. This means
that it is possible to immediately scale out one of the parameters or, equivalently, to
simply set µ∗ = 1. Thus, all expressions can, in principle, be given as functions of q∗ and
b∗. Unfortunately, these expressions are rather cumbersome in general. For clarity, we
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simplify to the case of vanishing magnetic field, b∗ = 0, and we find
Ω∗
T
=
π
(
4π2c2s + d
2
s
)2 (
1 +
(
4π2c2s + d
2
s
)3
q2∗
)
q2∗
1− 3 (4π2c2s + d2s)3 q2∗
. (3.44)
It may appear as if there was a pole in this expression, but it should be kept in mind that
q∗ is not actually an intrinsic variable, T is. And with µ∗ and b∗ fixed as above,
T =
3
(
4π2c2s + d
2
s
)3
q2∗ − 1
4π (4π2c2s + d
2
s)
2 q∗
. (3.45)
Thus, as the temperature is required to remain non-negative,7
q∗ ≥ 1√
3 (4π2c2s + d
2
s)
3
. (3.46)
Hence, an expansion for small q∗ only works in a scaling limit where 4π2c2s + d
2
s →∞.
Let us now generalize to the case of nonzero magnetic field b∗ 6= 0. To be able to
compare the present results for the pressure with the results for an anyonic fluid in the
perturbative, weakly coupled regime, i.e., using a virial expansion, it is instructive to
expand the normalized transformed free energy Ω∗/T 3, and hence the pressure, in terms
of small q∗/T 2. After a straightforward, albeit lengthy, computation,
P∗
T 3
∣∣∣∣
b∗
=
16π3
27
+
3
4ξ
( q∗
T 2
)2
− 243
(
ξ3 + 16π3b2∗
(
m20 + ξ
2
))
1024π3ξ5
( q∗
T 2
)4
+
729 b∗m0
(
ξ3 + 24π3b2∗
(
m20 + ξ
2
))
512π3ξ7
( q∗
T 2
)5
+O
( q∗
T 2
)6
. (3.47)
This expression is valid at fixed magnetic field b∗. For some applications, it may be more
convenient to work at fixed ratio b∗/q∗, yielding the following expansion
P∗
T 3
∣∣∣∣
b∗/q∗
=
16π3
27
+
3
(
ν2 − 4π2 (m20 + ξ2))
4ν2ξ
( q∗
T 2
)2
+
81
(
4πνm0 − 3ν2 + 4π2
(
m20 + ξ
2
)) (−4πνm0 + ν2 + 4π2 (m20 + ξ2))
1024π3ν4ξ2
( q∗
T 2
)4
+O
( q∗
T 2
)6
. (3.48)
A few remarks are in order. Firstly, for these expansions to be valid, we have to ensure
that the temperature bound (3.46), or an analog thereof at b∗ 6= 0, is maintained. In fact,
this bound is automatically satisfied, keeping in mind that both expansions can be thought
of as the limit q∗ fixed and T → ∞. Secondly, and more importantly, notice that both
of the expansions only contain even powers in q∗, at least at b∗ = 0, and in particular no
7Values with q∗ < 0 would imply rH < 0.
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linear term. As an immediate consequence, the equation of state for strongly correlated
anyons is drastically different from that obtained using a perturbative expansion, where
all virial coefficients are believed to be non-zero. It is tempting to conjecture that strongly
correlated anyons, even in more refined holographic models or other types of models in the
strongly coupled regime, will behave very differently and resist a naive extrapolation to
the ideal gas limit. Future experiments will decide the veracity of this conjecture.
4 Discussion
We conclude this paper with a summary of the advantages of using the formalism as
described above. The Helmholtz action provides a method to treat the currents J and
B on equal footing, compared to the original action, where the degrees of freedom are A
and B, i.e., a ’mix’ of a potential and a current. In particular, comparing to (2.14), this
makes the anyonization procedure less contrived and more transparent. A schematic of the
method developed in this paper is summarized in figure 1. Additionally, note that the way
the auxiliary magnetic potential η was introduced does not rely on the bulk equations of
motion. In principle, this allows to formulate many details of the procedure of anyonization
off-shell.
We then proceeded to study a strongly correlated anyon gas at high temperature. This
system is obtained as the gravity dual of a dyonic black brane in AdS4 via an SL(2,Z)
electromagnetic transformation. Special emphasis was placed on establishing the invari-
ance of the Helmholtz potential under this transformation. This allowed us to explicitly
determine the equation of state of the anyonic fluid at finite density and magnetic fields.
The resulting equation of state differs significantly from that of an ideal gas and, amongst
other things, the simplifying assumption of (strong) two-body interactions is questionable.
Indeed, when the equation of state is expanded in powers of the charge density, all odd-
power coefficients vanish identically, irrespective of the statistics of the underlying charged
degrees of freedom.
Our work provides an important step towards a more realistic holographic dual of a
strongly correlated anyon fluid. The method we worked out in section 2 can easily be
applied to a multitude of cases describing different physics in the bulk – we only made mild
assumptions on the asymptotic behavior of electromagnetism. An interesting generaliza-
tion of the dyonic black brane model from section 3 would be to incorporate fundamental
matter, e.g., along the lines of [27, 28]. Such, and other, models have already been utilized
when studying the effects of magnetic fields, including quantum oscillations, in the holo-
graphic approach on strongly correlated systems [29–33]. An application of our framework
to these models is straightforward, and could be used to clarify whether an anyon fluid
exhibits magnetic oscillations as well. This exciting possibility may even be soon realized
experimentally with ultracold bosonic atoms in optical lattices [34].
Acknowledgments The authors are grateful to Jarkko Ja¨rvela¨, Gilad Lifshytz, Matthew
Lippert, and Alfonso Ramallo for many useful discussions and for helpful comments on a
– 15 –
draft of this manuscript. N.J. and T.Z. have been supported by the Academy of Fin-
land Grants No. 273545 and No. 1268023. M. I. is funded funded by the FCT fellowship
SFRH/BI/52188/2013. The Centro de F´ısica do Porto is partially funded by FCT through
the projects PTDC/FIS/099293/2008 and CERN/FP/116358/2010.
A Dependence on boundary data
Let us consider a Lagrangian density L[A, dA] with a U(1) gauge field A on a manifold
M . Since we are focusing on A, the dependence on other fields will be suppressed in the
following. For notational purposes and later convenience we set H = ∗−14 ∂L∂ dA , where ∗4
is the four-dimensional Hodge duality transformation. The variation of the corresponding
on-shell action yields
δS = δ
∫
M
L[A, dA] =
∫
M
δA ∧
[
∂L
∂A
− d∗4H
]
+
∫
∂M
δA ∧ ⋆J . (A.1)
The last equality uses the definition of the (electric) current
J := ⋆−1 ∂L
∂ dA
= ⋆−1∗4H = ınH⊥ . (A.2)
Hereby, ⋆ is the (three-dimensional) Hodge dual on ∂M and ın denotes the standard inner
product for differential forms with the normal direction n. The term in brackets in (A.1) are
the equations of motion for A, which vanish on-shell. The second term describes the flux
through ∂M and thus boundary conditions for it are necessary to make the variation well-
defined. These conditions correspond to the boundary degrees of freedom that determine
the radial flow, i.e., the components perpendicular to the boundary. It should be kept in
mind, however, that there is also boundary data for the components parallel to ∂M . These
are identified with a current due to magnetic flux,
B := − 1
2π
⋆−1 dA
∣∣
∂M
. (A.3)
In order to proceed with examining the dependence on those degrees of freedom, introducing
a consistent notion of what should be identified as parallel and perpendicular directions
in the bulk is necessary. For the purpose at hand, it is convenient to define this via a
homotopy operator K with the following properties,
i) ω = Kdω + dKω ,
ii) ınK = 0 on ∂M .
Then, the ‘parallel’ component can be defined as the projection onto ∗imgKd⊥. It would go
beyond the scope of this paper to have a comprehensive discussion of necessary conditions
and topological obstructions to constructing such homotopy operators. However, it should
be noted that in the geometries of interest for holographic applications, including the one
considered in the main text, i.e., with a pre-existing foliation into parallel submanifolds,
such a homotopy operator can be constructed via integration along the radial direction.
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Thus, for all intended practical purposes, the existence of K is presupposed. After this
minor diversion we evaluate the variation with respect to the field strength,
δS =
∫
M
δdA ∧ ∗4H =
∫
∂M
δdA ∧ K∗4H +
∫
M
δdA ∧ Kd∗4H . (A.4)
Restricting dA to the parallel component only, and defining the magnetic potential,
η := −2πK∗4H
∣∣
∂M
, (A.5)
the variation with respect to the magnetic current can be written in a quite compact form,
δS =
∫
∂M
δB ∧ ⋆η . (A.6)
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